SOLUTIONS TO CHAPTER 1

Problem1.1
(a) Since the growth rate of a variable equals the time derivative of its log, as shown by equation (1.10)
in the text, we can write

. Z(t) dinZ(t) dIn[X(®)Y()]
@) zZ(t)y  dt dt
Since the log of the product of two variables equals the sum of their logs, we have
) Z(t) dlInX(®)+InY(®)] dinX(t) dinY(t)
()Z(t)_ dt “Ta 0 a
or simply

Z(t) X  Y(1)
3 = + :
Z(t) X(t) Y(1)

(b) Again, since the growth rate of a variable equals the time derivative of its log, we can write
@ Z(t) _dinz(t) _d In[X(1)/Y(t)]
Z(t) dt dt

Since the log of the ratio of two variables equals the difference in their logs, we have
Z(t) dlInX(t)-InY(®)] dinX(t) dinY(t)

®) 2 5=
(1) dt dt dt
or simply
g 20 _X®O YO
© 20 "xw Yo
(c) We have
. Z(t) dinz(t) dIn[X()*]
) Z(ty dt dt

Using the fact that In[X(t)* ] = alnX(t), we have
z(t) dainX®)] dinX(t)  X(1)
(8 = =q =q :
Z(t) dt dt X(t)
where we have used the fact that o is a constant.

Problem 1.2

(a) Using the information provided in the question, :
the path of the growth rate of X, X(t)/X(t), is X(®
depicted in the figure at right. X(t)

From time O to time t; , the growth rate of X is
constant and equal to a > 0. Attime t;, the growth
rate of X drops to 0. From time t; to time t, , the a
growth rate of X rises gradually from 0 to a. Note that
we have made the assumption that X(t) / X(t) rises at
a constant rate from t; to t, . Finally, after time t, , the
growth rate of X is constant and equal to a again.
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(b) Note that the slope of InX(t) plotted against time
is equal to the growth rate of X(t). That is, we know

dinX(t) X(t)
d Xt
(See equation (1.10) in the text.)

From time O to time t; the slope of InX(t) equals
a>0. The InX(t) locus has an inflection point at t; ,
when the growth rate of X(t) changes discontinuously
from ato 0. Between t; and t; , the slope of InX(t)
rises gradually from O to a. After time t; the slope of
InX(t) is constant and equal to a > 0 again.

Problem 1.3

(a) The slope of the break-even investment line is
given by (n + g + d) and thus a fall in the rate of
depreciation, 5, decreases the slope of the break-
even investment line.

The actual investment curve, sf(k) is unaffected.

From the figure at right we can see that the balanced-
growth-path level of capital per unit of effective
labor rises from k* to k*new .

(b) Since the slope of the break-even investment
line is given by (n + g + d), a rise in the rate of
technological progress, g, makes the break-even
investment line steeper.

The actual investment curve, sf(k), is unaffected.
From the figure at right we can see that the

balanced-growth-path level of capital per unit of
effective labor falls from k* to k*\ew .

InX(t)
slope = a
slope =a
InX(0) /
0 ty t, time
Inv/ (n+g+9)k
eff lab
W + Snew)K
sf(k)
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(c) The break-even investment line, (n + g + d)k, is
L o Inv/
unaffected by the rise in capital's share, o. eff lab

The effect of a change in o on the actual investment
curve, sk, can be determined by examining the (n+g+d)k
derivative o(sk”)/0a.. It is possible to show that

osk® ¢ sk New
1) ‘

=sk® Ink. .
oo ; E sk*
For 0 < a < 1, and for positive values of k, the sign 1 i
of o(sk”)/oa is determined by the sign of Ink. For
Ink>0,0rk>1, ask“/aa >0 and so the new actual K K*yew K
investment curve lies above the old one. For

Ink<Oork<1, asko‘/ﬁa <0 and so the new actual investment curve lies below the old one. Atk =1,
so that Ink = 0, the new actual investment curve intersects the old one.

In addition, the effect of a rise in o on k* is ambiguous and depends on the relative magnitudes of s and
(n+g+9). Itispossible to show that a rise in capital's share, a, will cause k* to rise if s > (n + g + 9).
This is the case depicted in the figure above.

(d) Suppose we modify the intensive form of the
production function to include a non-negative Inv/
constant, B, so that the actual investment curve is eff lab
given by sBf(k), B > 0. (n+g+3)k

sBnew f(K)
Then workers exerting more effort, so that output
per unit of effective labor is higher than before, can
be modeled as an increase in B. This increase in B
shifts the actual investment curve up.

sBT(k)

The break-even investment line, (n + g + d)kK, is —,
unaffected. '

v Ko k

From the figure at right we can see that the balanced-growth-path level of capital per unit of effective
labor rises from k* to k*new .

Problem 1.4

(a) Atsome time, call itty, there is a discrete upward jump in the number of workers. This reduces the
amount of capital per unit of effective labor from k* to kyew . We can see this by simply looking at the
definition, k = K/AL . An increase in L without a jump in K or A causes k to fall. Since f' (k) > 0, this
fall in the amount of capital per unit of effective labor reduces the amount of output per unit of effective
labor as well. In the figure below, y falls from y* to ynew -
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(b) Now at this lower knew , actual Investment
investment per unit of effective feff. lab.
labor exceeds break-even investment y = f(k)
per unit of effective labor. That is, y* :
Sf(kNEw) > (g + 6)kNEW . The i (g+ )k
economy is now saving and ’
investing more than enough to offset Ynew
depreciation and technological
progress at this lower kyew . Thus k ; |
begins rising back toward k*. As
capital per unit of effective labor i
begins rising, so does output per unit \/—\ O\
of effective labor. That is, y begins
rising from ynew back toward y*. Knew k* k= K/AL

sf(k)

(c) Capital per unit of effective labor will continue to rise until it eventually returns to the original level
of k*. At k*, investment per unit of effective labor is again just enough to offset technological progress
and depreciation and keep k constant. Since k returns to its original value of k* once the economy again
returns to a balanced growth path, output per unit of effective labor also returns to its original value of
y* = f(k*).

Problem 1.5
(a) The equation describing the evolution of the capital stock per unit of effective labor is given by

(1) k=sf(k)-(n+g+d)k.

Substituting in for the intensive form of the Cobb-Douglas, f(k) = k*, yields

(2) k=sk® —(n+g+38)k.

On the balanced growth path, k is zero; investment per unit of effective labor is equal to break-even
investment per unit of effective labor and so k remains constant. Denoting the balanced-growth-path
value of k as k*, we have sk** = (n + g + 8)k*. Rearranging to solve for k* yields

(3) k*=[s/(n+g+8) ",

To get the balanced-growth-path value of output per unit of effective labor, substitute equation (3) into
the intensive form of the production function, y = k*:

@) y*=[s/(n+g+8)" .

Consumption per unit of effective labor on the balanced growth path is given by ¢* = (1 - s)y*.
Substituting equation (4) into this expression yields

(5) c*=(1-9)[s/(n+g+3)]"

(b) By definition, the golden-rule level of the capital stock is that level at which consumption per unit of
effective labor is maximized. To derive this level of k, take equation (3), which expresses the balanced-
growth-path level of k, and rearrange it to solve for s:

(6) s=(n+g+ 3k

Now substitute equation (6) into equation (5):

(@) c*=[1-(n+g+8)k**|[(n+g+8)k** (n+g+8)

After some straightforward algebraic manipulation, this simplifies to
(8) c*=k**-(n+g+d)k*.

] o/(1-a) .
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Equation (8) states that consumption per unit of effective labor is equal to output per unit of effective
labor, k*“, less actual investment per unit of effective labor. On the balanced growth path, actual
investment per unit of effective labor is the same as break-even investment per unit of effective labor,
(n+ g+ d)k*.

Now use equation (8) to maximize c* with respect to k*. The first-order condition is given by

(9) ac*/ok*=ak** ™ —(n+g+38)=0,

or simply

(10) ak**'=(n+g+ ).

Note that equation (10) is just a specific form of the general condition that implicitly defines the golden-
rule level of capital per unit of effective labor, given by f' (k*) = (n + g + 3). Equation (10) has a
graphical interpretation: it defines the level of k at which the slope of the intensive form of the
production function is equal to the slope of the break-even investment line. Solving equation (10) for the
golden-rule level of k yields

(11) k*gg =[a/(n+g+8)] ",

(c) To get the saving rate that yields the golden-rule level of k, substitute equation (11) into (6):

(12) ser =(n+g+o/(n+g+3)] ",

which simplifies to

(13) Sgr = Q.

With a Cobb-Douglas production function, the saving rate required to reach the golden rule is equal to
the elasticity of output with respect to capital or capital's share in output (if capital earns its marginal
product).

Problem 1.6

(a) Since there is no technological progress, we can carry out the entire analysis in terms of capital and
output per worker rather than capital and output per unit of effective labor. With A constant, they behave
the same. Thus we can definey = Y/L and k= K/L.

The fall in the population growth rate makes the

break-even investment line flatter. In the
absence of technological progress, the per unit

time change in k, capital per worker, is given e | : (k)
by k = sf(k) - (8+n)k. Since k was 0 before T n+ 8)k|

the decrease in n — the economy was on a i

balanced growth path — the decrease in n causes y [T, 5 L (Mnew + S)K
k to become positive. At k*, actual investment

per worker, sf(k*), now exceeds break-even \ SF(K)

investment per worker, (Nyew + 8)k*. Thus k
moves to a new higher balanced growth path
level. See the figure at right.

As K rises, y — output per worker — also rises.
Since a constant fraction of output is saved, ¢ —
consumption per worker — rises as y rises. This
is summarized in the figures below.

k* K*New k
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time time time

(b) By definition, output can be written as
Y =Ly. Thus the growth rate of output is Iny
Y/Y =L/L+y/y. On the initial balanced growth
path, y/y =0 — output per worker is constant — so
Y/Y = L/L=n. On the final balanced growth
path, y/y = 0 again — output per worker is

N

. . slope = nnew
constant again —and so Y/Y = L/L = nygw <n.
In the end, output will be growing at a slope =n
permanently lower rate. ,
to time

What happens during the transition? Examine the production function Y = F(K,AL). On the initial
balanced growth path AL, K and thus Y are all growing at rate n. Then suddenly AL begins growing at
some new lower rate nyew. Thus suddenly Y will be growing at some rate between that of K (which is
growing at n) and that of AL (which is growing at nyew). Thus, during the transition, output grows more
rapidly than it will on the new balanced growth path, but less rapidly than it would have without the
decrease in population growth. As output growth gradually slows down during the transition, so does
capital growth until finally K, AL, and thus Y are all growing at the new lower nyew.

Problem 1.7

The derivative of y* = f(k*) with respect to n is given by

(1) oy*/on =f'(k*)[ok*/on].

To find ok*/on, use the equation for the evolution of the capital stock per unit of effective labor,

k =sf(k)—(n+g+8)k. Inaddition, use the fact that on a balanced growth path, k = 0, k = k* and thus
sf(k*) = (n + g + 8)k*. Taking the derivative of both sides of this expression with respect to n yields

ak* *
@) sF()——=(n+g+d)——+k*,

on

and rearranging yields
ok* k*

(3) T (L ’

on sf'(k*)—(n+g+9)

Substituting equation (3) into equation (1) gives us
(9y* r k *

4) —=f’(k*){ . J
on sf'(k*)—(n+g+9)
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Rearranging the condition that implicitly defines k*, sf(k*) = (n + g + 3)k*, and solving for s yields
(5) s=(n+ g+ d)k*/f(k*).
Substitute equation (5) into equation (4):
©) oy* fr(k*)k*
on  [(n+g+8)f (k*)k*/f(k*)]-(n+g+8)
To turn this into the elasticity that we want, multiply both sides of equation (6) by n/y*:
@ noy* n f/(k*)k * /T (k*)
y* on  (n+g+38) [f'(k*)k*/f(k*)]-1"
Using the definition that o (k*) = f '(k*)k*/f(k*) gives us

n oy* [ ek
6 — 2 =— .
y*an  (n+g+3) 1-ok (k)

Now, with ok (k*) = 1/3, g = 2% and & = 3%, we need to calculate the effect on y* of a fall in n from 2%
to 1%. Using the midpoint of n = 0.015 to calculate the elasticity gives us

L y 0.015 [ 1/3 J
y" an (0.015+002+003)\1-1/3
So this 50% drop in the population growth rate, from 2% to 1%, will lead to approximately a 6% increase
in the level of output per unit of effective labor, since (-0.50)(-0.12) = 0.06. This calculation illustrates
the point that observed differences in population growth rates across countries are not nearly enough to

account for differences in y that we see.

=-012.

Problem 1.8

(a) A permanent increase in the fraction of output that is devoted to investment from 0.15 to 0.18
represents a 20 percent increase in the saving rate. From equation (1.27) in the text, the elasticity of
output with respect to the saving rate is

s oy* oy (k*

@ = y* o )* |

y* 0s  l-ag(k®)

where ak (k*) is the share of income paid to capital (assuming that capital is paid its marginal product).

Substituting the assumption that ax (k*) = 1/3 into equation (1) gives us

) s oy* ok (k¥ 3 1

@) y* 0s l-ag(k*) 1-13 2

Thus the elasticity of output with respect to the saving rate is 1/2. So this 20 percent increase in the
saving rate — from s = 0.15 to syew = 0.18 — causes output to rise relative to what it would have been by
about 10 percent. [Note that the analysis has been carried out in terms of output per unit of effective
labor. Since the paths of A and L are not affected, however, if output per unit of effective labor rises by
10 percent, output itself is also 10 percent higher than what it would have been.]

(b) Consumption rises less than output. Output ends up 10 percent higher than what it would have been.
But the fact that the saving rate is higher means that we are now consuming a smaller fraction of output.
We can calculate the elasticity of consumption with respect to the saving rate. On the balanced growth
path, consumption is given by

(3) c*=(1-9s)y*~

Taking the derivative with respect to s yields
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os Y os

To turn this into an elasticity, multiply both sides of equation (4) by s/c*:
oc* s -y*s oy* S

(6) — = HL-9 T
0s ¢c* (L-9s)y* os (1-s)y*

where we have substituted c* = (1 - s)y* on the right-hand side. Simplifying gives us
oc* s -S oy* S

(6) —= + :
os ¢c* (1-s) 0s (1-s)y*

From part (a), the second term on the right-hand side of (6), the elasticity of output with respect to the
saving rate, equals 1/2. We can use the midpoint between s = 0.15 and syew = 0.18 to calculate the
elasticity:

oc* s -0.165
(7) —= +05=0.30.

0s ¢c* (1-0165)

Thus the elasticity of consumption with respect to the saving rate is approximately 0.3. So this 20%
increase in the saving rate will cause consumption to be approximately 6% above what it would have

been.

(c) The immediate effect of the rise in investment as a fraction of output is that consumption falls.
Although y* does not jump immediately — it only begins to move toward its new, higher balanced-
growth-path level — we are now saving a greater fraction, and thus consuming a smaller fraction, of this
same y*. At the moment of the rise in s by 3 percentage points — since ¢ = (1 - s)y* and y* is unchanged
—c falls. In fact, the percentage change in ¢ will be the percentage change in (1 - s). Now, (1 -s) falls
from 0.85 to 0.82, which is approximately a 3.5 percent drop. Thus at the moment of the rise in s,
consumption falls by about three and a half percent.

We can use some results from the text on the speed of convergence to determine the length of time it
takes for consumption to return to what it would have been without the increase in the saving rate. After
the initial rise in s, s remains constant throughout. Since ¢ = (1 - s)y, this means that consumption will
grow at the same rate as y on the way to the new balanced growth path. In the text it is shown that the
rate of convergence of k and y, after a linear approximation, is given by A = (1 - ax )(n + g +5). With
(n+ g + ) equal to 6 percent per year and ax = 1/3, this yields a value for A of about 4 percent. This
means that k and y move about 4 percent of the remaining distance toward their balanced-growth-path
values of k* and y* each year. Since c is proportional toy, ¢ = (1 - s)y, it also approaches its new
balanced-growth-path value at that same constant rate. That is, analogous to equation (1.31) in the text,
we could write

©8) co(t) —crze LTI ey ca,
or equivalently
@) e M= c(t) —c*
c(0)-c*
The term on the right-hand side of equation (9) is the fraction of the distance to the balanced growth path
that remains to be traveled.

We know that consumption falls initially by 3.5 percent and will eventually be 6 percent higher than it
would have been. Thus it must change by 9.5 percent on the way to the balanced growth path. It will
therefore be equal to what it would have been about 36.8 percent (3.5%/9.5% = 36.8%) of the way to the
new balanced growth path. Equivalently, this is when the remaining distance to the new balanced growth



